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Robust Simulation

Robust Differential
Rigorous simulation Rigorous inequalities
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Reacting flow Finite difference
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Robust simulation is the ability to calculate
Drug delivery rigorous bounds on the system’s states for
all realizations of parametric uncertainty
\ J
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Parametric Partial Differential Equations

Provide valid and efficient bounds for parametric PDE system (IBVP)

x(y(p,to),to) = Xo(p). pE P
x(y"(p.1).t) =x"(p). pe P
x(yY (p.t),t) =xY(p). pe P

Assumptions:

— f:C x D xR xR x P x ] — R"= is locally Lipschitz continuous;

— Forevery p € P, there exists a unique solution over the time domain /.

Reachable set: Fe(y,t) = {x(y,p,t) : p € P}.

Obijective: efficiently compute bounds on the reachable set with less conservatism.




Interval Arithmetic and Affine Arithmetic

Interval Arithmetic (IA)

Affine Arithmetic (AA)

r e [z¥, 27 = X

Ty = (:I'L + 2V )/2,

¢ IA vy = (2 — ")/

x; = 0,V > 1.

e F(X)Df(X)=A{f(x)|lxe X}
 Dependency problems: overestimation

n
> X = a9 + E TiCi.
i=1

. AA

y1e

Iy
: I

* Keep track of the dependency;
* Enhance the efficacy of interval operations

[4] J. Comba, J. Stolfi, “Affine arithmetic and its applications to computer graphics,” anais do vii sibgrapi, 9-18 (1993).
[5] J. Stolfi, L. H. de Figueiredo, “An introduction to affine arithmetic,” Trends in Applied and ComputationalMathematics, 4 (3) (2003) 297-312.
[6] L. H. De Figueiredo, J. Stolfi, “Affine arithmetic: concepts and applications,” Numerical Algorithms, 37 (1-4) (2004) 147-158.




Differential Inequalities

ODE IVPs

\ 4

Explicit Euler

p(t) e P C R"

£(x(t),p(t)), X(t,) = ¢, t € [f,,¢,]

x,, =x, +HMx,p,), x, =c, Vkc{0,...,k}

Physical bounds G

\ 4

Interval extension

z’ :ka,i + hf'([x;,x, ], P), J;L =c!

k41,4 2k 04 0
v U U L _U v U
xk—i—l,i o xk,z’ + hfz‘ ([Xk’xk ]7P)’ xO,i T Co,z’

[7] X. Yang and J. K. Scott, “Efficient reachability bounds for discrete-time nonlinear systems by extending the continuous-time theory of differential inequalities," in 2018 Annual American

Control Conference (ACC), pp. 6242-6247, IEEE, 2018.

k+1
¢ Discrete-time DI
Flattening operators

Bt X)) = fa e [xh x): 7, = ')

B (I x]) = fr e [x x]: 2, = a!)

A 4
Interval refinement
operators

(XNG)c Z (X)) = X, VX < IR™
with X NG #J

v

L L L Litol JU L L
kL+1,i kLZ + flL(ﬁZL[Xiaka]aP)a OLJ = COL,Z- li - Tk + hf; (IG(ﬂi ([Xk7xk]))’P)’ Lo = Co,
U U U Ufirol U U U
1?+1.,¢ li],i ]L;U(@U[X£7 kU]7P)7 x(()]l = G, bl Lk +hi (:Z-G(ﬁi <[Xk’xk]))’P)’ Ly = Co,



Bounding PDE

Spatial

PDE IBVP

FDM » System of ODE IVPs
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Convection-Diffusion System
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Convection-Diffusion System
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Convection-Reaction System
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Convection-Reaction System
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Diffusion-Reaction System
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Coupled IBVPs
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[8] J. Makungu, H. Haario, W. C. Mahera, “A generalized 1-dimensional particle transport method for convection diffusion reaction model,” Afrika Matematika, 23 (1) (2012) 21-39.




Coupled IBVPs
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Transport Model In Tumor

e Fluid Transport Model
— Darcy'slaw y=-K %
— Continuity equation dr )
V-u=g,(r) F V= or (P Rs)

. Sin y
¢v(r)—|-pv(pv p)

Blood vessel

@ Nanocarrier

GCancer cell

“ Fibroblast

A‘l'f‘\Hyaluronan

— Collagen

)) Permeability

Transport path
of nanocarriers

e Solute Transport Model

2
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Convection Diffusion

)+,

 Pore Theory

r2 I ID [9] J. D. Martin, M. Panagi, C. Wang, T. T.Khan, M. R. Martin, C. Voutouri, K. Toh, P. Papageorgis,F. P
7/ 0 7/ Mpekris, C. Polydorou, et al., “Dexamethasone increases cisplatin-loaded nanocarrier delivery and
P= : =1-W S

— efficacy in metastatic breast cancer by normalizing the tumor microenvironment,” nano.
p ff tastatic b t b | the t t,” ACS
SuL L
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Transport Model In Tumor
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Transport Model In Tumor
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Transport Model In Tumor
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Summary

Via=Vaa Via=Vaa Unstable
BD Via=Vaa Via=Vaa Via>Vaa
CD Via>Vaa Via>Vaa Via>Vaa Unstable
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Discrete-time Differential

RELIENITES

dx(t) _ «  For continuous-time system, a trajectory x(;c,,7r) cannot leave
dt the enclosure [x"(¢),x" (¢)] without crossing its boundary
e Thus,atany ¢ & [to,tf], it is only necessary for xf () to decrease
faster than all trajectories z (t; ¢ , 7r) that are already incident on
x, =x, +HWx,m), x =c, Vke€{0,.. K} jth "), x" (¢t
Fl b w1 ) Xy =€, yeees the ith lower face of [x"(t),x (%)].
Interval extension
Example: [x",x"]={[1,5],[2,4],[1,7]}
ka—i—l,i — kaz + hj’;L([Xi’XkU]aH)a x(fz — CoL,i P
x/i]—i—l,i — Q?]ZZ + hﬁU([X£7XZ]7H)7 x(()],z — C([)]i B2U([XL7XU]) i{[175],[2,2],[177]}
’ /82 ([X y X ])_{[175]7[474]7[177]}

Flattening operators ' B o
8 ([ 2 ]) = fz € [x5x"]: 7

L . L L Lr._ L U L L . L
$k+u — J?,w. -+ hf; (ﬁi XX, ],H)> xoﬂ, = CO’Z. Prior enclosure G ‘ xkﬂﬂ. =

L
k ) 1 J o
T, =2, (B [xx ), @), =, ., =7, +hf (206 (x,,x.]),10), =z, = cg@i}

k+1,3 ki



|.C. and B.C.

0. 724 0. .

o ;1'1— el e 0,1], y € [0,1] z(y,0) = 2 z(0.t) =0, z(1,t) =1
ot dy? d

Ox Ox ] ) ) o dr o
— = —p1— —pox, t €[0,1], y €[0,1]. 2(y.0) =1 x(0,1) =0, d_—y|y:1 =0
ot vy :

ox 02x o o _ _ _
— = D155 P, tE 0,1], y € [0,1] x(y,0) =2 r(0,t) =0, z(1.1t) =1

ot Oy?




Coupled IBVPs

O+ ()2 "T‘L_l> 03 ()(.O n “1{)(.0 _ Dl 2, CO .
. ot Dy Oy2 co” | fo D A
O+ 05 £ 20, - e o u € [4e-3,6e-3]
dco., dco, D d=co, N
. —2 +u = Doy— e S
O ﬂ, 20 ot 2 Oy 2 D2 ©2 D € [4e-3,6e-3]
L kg(t) . t)(.’OS ()(103 B 0, CO4 )
) )+ O . U = D3—— + .
U —> O+ 02 ot 3 dy 3 D2 O3
deg
Teo = - = —kicoco, — kacoco, + 2ks(t)co, + ka(t)co,,
deo,
Teoy = g = —kicoco, + kacoco, — ks(t)co, + ka(t)cos,
deo,
Teo, = — = kicoco, — kacoco, — ka(t)co,.

[8] J. Makungu, H. Haario, W. C. Mahera, “A generalized 1-dimensional particle transport method for convection diffusion reaction model,” Afrika Matematika, 23 (1) (2012) 21-39.




Coupled IBVPs

Here, the rate constants k; and ko are constants: ky = 1.63 x 10716, ky = 4.66 x 10716, The other two rate
constants k3(?) and k4 (%) follow a two-day periodical cycle as:

() = exp(—c;/sin(wt)) if sin(wt) >0
! 0 if sin(wt) >0, =34,

where c3 = 22.62, ¢y = 7.601, and w = 7/43200 s~1. The rate constants kg and k4 will increase quickly at
the beginning (f = 0), rise to a peak at noon (t = 6 x 3600 s), then drop to zero at sunset (f = 12 x 3600 s).
The initial conditions of this ozone model is given by

o(.0) = 10 if0.3<2<0.6
co(#,0) = 0 otherwise.

ou(2.0) =4 HTX 10" if 0.3 <2 <06
B Y otherwise.

o (2.0) = 1012 if0.3<2 <06
€os(,0) = 0 otherwise.

At the bottom of the atmosphere layer, the boundary conditions are given by co(0,t) = 105, ¢o,(0,t) =
3.7 x 101 ¢, (0,t) = 10%, while at the top of the atmosphere, we assume the no-flux boundary conditions

dco, _
o —0.

deco

- - dcog
given by ¢ e

— dy

y=1 y=1 y=1

[8] J. Makungu, H. Haario, W. C. Mahera, “A generalized 1-dimensional particle transport method for convection diffusion reaction model,” Afrika Matematika, 23 (1) (2012) 21-39.




Discrete-time Differential
Inequalities

Discrete-time L
. o " Global optimization
differential inequalities

=x, +Mx, 7 ), x, =c, Vk€{0,...,x}

Interval extension

Tight enclosure
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™

I

&
b(
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Differential inequalities

v

I L LiaLliol _U I I
Lpqi = Ly, + hfz‘ (ﬁz X0 Xy J,10), Lo = G,
U U U/aUroL U U U
Ty, =T, F hf (61 X0 Xy J,1D), Lo = Coi

[9] X. Yang and J. K. Scott, “Efficient reachability bounds for discrete-time nonlinear systems by extending
the continuous-time theory of differential inequalities,” in 2018 Annual American Control Conference (ACC),

pp. 6242-6247, IEEE, 2018.




Discrete-time DI vs Continuous-

B)

Discrete-time methods Time per step
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Hukuhara = Affine

X =[x"x"T1Y =[y" y']

xb 4 xY XY _ gt yL+yU yu _yL
mX= ’X= ’mY= 'rY:
2 2 2 2
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2 2
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2 2
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