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Dynamic Optimization

One common form of the dynamic optimization problem
' X(p, tr),

peglclﬂgnpcb( (P, tr), P)

s.t. x=fx(p,t),pt), VteI=]tyts

xX(p, t) = Xo(p)
g(x(p,t),p) <0, Vtel=|tytf]

That is we seek an optimal satisfying the ODE-IVP
problem along with any constraints.

o X —state variables
o Pp — decision variables
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1 | INTRODUCTION
Drynamic optimization problems of the form

#= min Hxip.t,).p}

stox(pt)= fixeptl.pt Viel=jtot,] i1
xp.to) = xo(p)
Exp.tAp=0

are of extreme importance to process systems engineers and the
broader model-based systems engineering commurity as they can be
formulated for a variety of systems whose transiant behavior is of
particular interest, from optimal control to mechanistic moded valida-
tion. The first major complicating detail of the optimization formula
tion (1) & that it is constrained by a system of ordinary differential
equation -initial value problems {ODE-WPs]. Therefore, simply verify
ing a feasible point requires the solution of a system of ODE-IVPs.
The secand major complicating detall is that {1 i a noncomvex

program, in general, and therefore verifying optimality requires deter
ministic global optimization. The focus of this paper i on sohMing (1)
to guaranteed gobal optimality for dedaration of infeasibility). The
methods developed in this work are of specific importance when the
ODE-IVP system is stiff.

Methods for solving (1) rigorously to global optimality rely on the
spatial branch-and-bound (B&E) framework™ or some variant The
B&B algorithm requires the ability to cakoulate rigorous upper and
lower bounds on the gobal optimal solution value An upper bound

«can be calculated by simply evaluating g{x-, t,), -} at any feasible point.

However, caloulating rigorous lower bounds poses significant chal
lenges as this step requires that rigorous and accurate global bounds
are known or are readily caloulable for all variables and functions of
{1). For standard nonconvex nonlinear programs (NLPs) (ie., without
dynamical systems constraints), rigorous lower bounds on the aptimal
solution value are obtained by calculating convex and concave relaa
tions of the functions and solving a comesponding convex lower
bounding problem. Applying this approach to a dynamic optimization

trary.com/faurnalfsic
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Parametric ODE-IVP

Parametric ODE-IVP Formulation

. dx
X = E(p,r):f(x(p,t).p.t). tel=][totr]. pPeP

X(p, to) = Xo(pP), PE€P

where f:D X [I X T - R™ and x,: P - D
with D € R™, [I c R™, and T c R open
with P € llland I € IT

Assumptions (Well-posed)

1. Xy: P = D is locally Lipschitz continuous on P

2. fis continuously differentialon D X I1 X T

Parametric ODE-IVP Solution

A solution is any continuous X : P X I — D such that, for every
p € P, x(p,’) : T — D is continuous differentiable and satisfies
the parametric ODE-IVP on .



Review (Dynamic Optimization)

Discretization?:

o The domain is separated into K finite elements.

o The derivative terms are approximated by
difference forms wherever they appear within
the formulation.

dx _ Xk+1 — Xk
dt B h
lk+1
dx
g E rf(xk+1r pk+1) =0
te+1
k=0,..K—1

Collocation ! :

o The domain is separated into K finite elements.

o The solution in each finite element is then
approximated by a polynomial of order N + 1

K N
:iz W) 0= ) hDxg
dt L T

dx _
g E tk] = tk—l + Tjh

’ f(xki' pki)) -

tkj

1. Biegler, L.T.: Nonlinear Programming: Concepts, Algorithms, and Applications to Chemical Processes. SIAM, Philadelphia (2010)



Review (Dynamic Optimization)

Discretization ! : Collocation? :
o The domain is separated into K fmlte elements. o The domam is separated into K finite elements.
o The derivative tegma 2 e : e Q. element is then

difference forny al of order N + 1

the formulatid] * Either method introduces a significant number .
of variables and potentially nonlinear equations 1= z L (D)

dx

de|,
“* | « Results in complicated high dimension

p (@ problems that may be challenging for modern tyj = tg—q + Tjh
at]. ! global optimizers to solve.

k=0,..,K N —1,

1. Biegler, L.T.: Nonlinear Programming: Concepts, Algorithms, and Applications to Chemical Processes. SIAM, Philadelphia (2010)
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Review (Relaxing ODES)

Taylor-Series Integrators3 Discretize-and-Relax®

b hi o * Atwo-stage method.
X(74.1,P) eX(rq,p)+ZFf“’(X(fq,p),p)+—f“’”)(x(fq),P)  Calculates valid relaxations across a time step
=L

(p+D! . . .
Taylor Series Rermainder Bound and then refines relaxation at each point.

] . eg, ® 4
Differential Inequalities O Each of these approaches allows relaxation

of ODE to be calculated with respect to p.
X7 (t,p) =f(t,p. X7 (t,p), x™(t,p)), X" (t,P) =X, (P)

X (t,p) =<, p, X" (t,p), x*(t,p)), X*(t,,p) =X, (P) ( Results in a lower dimensional problem.

3. Rihm, Robert. Interval methods for initial value problems in ODEs. Topics in Validated Computations (1994): 173-207.

4. Joseph K Scott, Paul | Barton. Improved relaxations for the parametric solutions of ODEs using differential inequalities. Journal of Global Optimization. 2013 (57): 143-176.
5. A.M. Sahlodin, Benoit Chachaut. Discretize-then-relax approach for convex/concave relaxations of the solutions of parametric ODEs. Applied Numerical Mathematics, 61
(179): 803 — 820, 2011



Implicit Integration of Problem

Full-space Algebraic Form
(n, Xx K+ Ny, dimensions) :

Generalized form of the dynamic optimization problem:

6= 0 GO, 70) XD, X(P 7)o X(P. 7). ) T
.t x(p,t) =f(x(p,1),p.1), Vtel clty,t,] P = mme2p)
X(p,1) =X, (p) st. h(z,p)=0
GOX(P 7). X(P, ) X(PL7), - X(P, D) SO =y 20 =%(P)
Implicit 9(2,p) <0
Integration
1 Scheme

Implicit Function Form
(np Dimensions)

z,(p) ¢ =min4(z(p).p)
2 (p): t, st 9(z(p).p)<0

Block-
sequential
solution and
relaxation

(R



Implicit Linear Multistep Method

* An s-step PILMS method can be defined by

the equation®”: *  Specific methods for each choice of {a;};Zg and {b;}5_,.
s—1 * Adams Moulton arises from a,_; = —1, {q; f;g = 0.
Zk+s + Z a; Zk+l Atz b f(zk+]» p, tk+]) =0
s—1
=0 j=0
& Zrvs) o 21, P) = Zps + ) AiZpy; — Athif(Zgys, Prtiss) = 0
=0
h1 5; (h h2’h3’h4’h5)
h, =0} = (h,h.h,h,h,) . Backwards Diff | ¢
h, :0, (hmhwhlgahwh ) ackwards Difference Formula comes from
h, = 0?@2 - (h5K74’h5K73’h5K72’h5K727h5K)

Gk Zrtss r 2k, P) = Zgys — Zyps—1 — Atz bif(Z+j, P tk+j) =0
i=0

6. Gautschi W. Numerical Analysis. Springer Science & Business Media, New York; 2012.
7. Hairer E, Wanner G. Solving Ordinary Differential Equations II: Stiff and Differential-Algebraic Problems. Springer, Heidelberg; 1991.



Two Step PILMS Methods

* Two-step PILMS methods exhibit unconditional A-stability®’
* The three implicit approaches considered can be expressed in ) :ffi:sssss
terms of a series of block solves given by:
.. Eook+1 k42 E k4l k2 k halki2
lmleClt EUIer6'7: ~= =~ — — A A
z% (ik+1r ik, p) = 2k+1 — ik — Atf(2k+1, P, tk+1) ............
Two-step Adam’s Moulton method®’: T e
& Zrer2 Zi+1, 2100 D) = Ziyp — 22pyr + 3 2 — 2AF (Zs2, P tier2) o [ e [P
aaaaaaaaaa :_!I el 2 .0 ° oo o o 0 o
TWO-Step BDF method®’: 2-Step AM (¢?) Implicit Euler (£,) 2-Step BDF (&)

A\ ey ey A A 1 A A\
8 sz Ziev1, 2o D) = Zies — 21 — EAt(f(Zk+2; D tis2) + £(Zys1, P, tk+1))

6. Gautschi W. Numerical Analysis. Springer Science & Business Media, New York; 2012.
7. Hairer E, Wanner G. Solving Ordinary Differential Equations II: Stiff and Differential-Algebraic Problems. Springer, Heidelberg; 1991. 9



Assumptions

Hardest assumption to verify:

 We’ve developed block sequential
analogs to the sufficient conditions
presented in Neumaier.?

* Parametric interval methods can be
used to provide sharper tests.®?

* These can further be combined with
bisection methods.%11

1. There exists a unigue function z: P - DX*1 with
h(z(p),p) = 0, and an interval X € ID such that
z(p) is unique in XX*1 for all p € P.

2. Derivative information Vh;,i = 1, ...,n, K is available,
say by automatic differentiation, and is factorable.

4 )

3. A matrix Y, € R™*"x is known such that , , <
M, =Y,J; (X, P) satisfies 0 ¢ M, ;; forall i € Can ch!n,tervgl eXtﬁn;'on_ of Jic be
{1, ...,n,} and for all k, where J; (X, P) is an inclusion ﬂ;e;?];u'g?;eatzggs ;nait;tdcjr:?;:]nps
monotonic interval extension of J; on X x P. '

o

8. Neumaier A. Interval methods for systems of equations, vol.37. Cambridge university press, 1990.

9. Krawczyk R. Interval iterations for including a set of solutions. Computing 1984 Mar 32 (1): 13-31.

10. R. B. Kearfott. Abstract generalized bisection and a cost bound. Mathematics of Computation, 49 (179): 187 — 202, 1987

11. Stuber MD. Evaluation of Process Systems Operating Envelopes. PhD Dissertation, MIT, 2013. 10
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Development of Relaxations

The parametric mean-valued form12 of a block is given by:

V.h (v (). p) @z (P) - ¥(P)) =-h;(v(p).p), j=(k-Dn, +1,...kn,

where y: P —» D and y’: P — D such that for some A: P — (0,1),

y'(p) = A(p)z, (p) + 1~ A(P))¥(P), VPeP

This suggests that a parametric analog of the Newton-Raphson
fixed point method may be used to compute relaxation.

12. Stuber MD, Scott JK, Barton Pl. Convex and concave relaxations of implicit functions. Optimization Methods and Software2015;30(3):424-460. @)



Block relaxation algorithm

. - C¥ Jr GOV gec gEV  gee eov  gec
1: procedure BLOCKRELAX(hg, X, P, 20" | 207 80 sg®  20¥o 20% 0¥ 828 r)

) Dev J0ee ghev Do , & U
1. 2 2B s —xhxY,0.0

1. Initialize the relaxations, z,(g, and e owrota

. 0 . % AcAcl0pepePp
subgradients, s, , from interval bounds.
k 5 €,C s¢,5¢c « AFF(.. ) = Subroutine defined in [23]
& 2 (p) —crsc'p-p)h VR EP » Affine relaxation lower bound
Interval Bounds
13 z‘*“tp)c—c+sc'(pfpj. YpeP » Affine relaxation upper bound
T T R T A —
8 ) e Az ) (1= )
9: s4 — Asc + (1 - Alsg
ImpIICIt Function M) uglzl (202 ) = Bmatrix defined in [23] wrt. hy and J,
os kb MIE() o og(z, (0.2 ) 27,2700
sp () Suy (@302, s se 2 00 20 se s, )
S ) - Sopl@ (12 0 sese 2 0.2 ) sese. )
~ Implicit Function: z1(p) W) U OO MO M O B BB )
P i
0.6 - = |nterval Bounds 15: VLY 0 (), ) M (), NS L, 2 () 25, 267 (26 (028 ()20 (), )
16 85D = Say (V6 A C s ) MY M0 ) 20 (2 s L))
17 !J,‘I"“(-J' -\'n.,{')‘ft-).T’(‘}.f;.s’r.M‘"’{‘}.M""‘IE-)‘Z:"'l’-}‘11"'(-)‘!‘,”:-)‘5’,“{-).-)
18: end for
0.7 F
19 returnz)“O( ), 27 ) sy (). sy
— — — — — — — — — — — — — —
08 I I I I




Block relaxation algorithm

. OV JEE gC¥  gEC gV gEE GOV gEC
1 proccdumBln(,KRnnxth;‘X,P,z* 1S, Sz g B 057, 57, y‘r)

) Oev e ghev Do 1 U
1. 2 g s s xE 0.0

2. Compute affine function between current ——
relaxations and respective subgradients beisBaierper

5 €, C 5c,5c +— AFE(.. ) = Subroutine defined in [23]
2 . & z"ﬁrp)e c+ST(p-p). Vpe P » Affine relaxation lower bound
Interval Bounds
T z:"(p]< Ct+sc'(p-p) ¥peP = Affine relaxation upper bound
DA o — — — — — — e E— E— S— S S — — ‘ .,
A 8 +i() ;l;;"‘(-]ul Az
7 s Asc + (1 - A)sg
ImpIICIt Function M) uglzl (202 ) = Bmatrix defined in [23] wrt. hy and J,
MIE() o og(z, (0.2 ) 27,2700
05 -
sp () Suy (@302, s se 2 00 20 se s, )
S ) - Sopl@ (12 0 sese 2 0.2 ) sese. )
Y(p) Implicit Function: z.(p) i V) g () () MY () MBS ), 2 (), 250 (), 25 (025 (), 67 (026 (), )
P\T — — — — — w— gille — m— m— e Affine Bounds - e _ _
06 A 15: 2 e 0 () () MY (), ML) 2 (), 20 (), 27 | (5 () 5 )2 (). )
16 85D = Say (V6 A C s ) MY M0 ) 20 (2 s L))
17 !J’\I.n(ll_ .\‘n'{'yft-).1’(\}.1‘,.5’,.M‘"’{‘}.M"""E-)‘Z:"'l’-}‘11"'(-)‘s’,"':-)‘s’,"‘{-).-)
18: end for

07t 1-4=0.5

19 weturnz ),z (), 57 (), 577 ()

08 L I I I
& 7 8 9



Block relaxation algorithm

. OV JEE gC¥  gEC gV gEE GOV gEC
1 proccdumBln(,KRnnxth;‘X,P,z* 1S, Sz g B 057, 57, y‘r)

) Oev e ghev Do 1 U
1. 2 g s s xE 0.0

3. Compute M, the relaxation of a preconditioned —
Jacobian and respective subgradients + Aedemuscper

5 €,C sc,5c « AFE(.. ) = Subroutine defined in [23]

2 . & 2 (p) —crsc'p-p)h VR EP » Affine relaxation lower bound

The functions M,: P - My, and B;: X X --- X X X P — M, be defined R PP
for k € {1, ..., K} corresponding to each timestep are defined by: T A0 -A )

9: s4 — Asc + (1 - Alsg

ML) e ug@ (.20, 2t 2 ) = B matrix defined in [23] w.rt. hy and )y

c a A ) A
MACe( ) e og@ (2 (e nn  ZLCHZ D)

\Y% h k-1 1(y(k_l)nx+1 (), -)T S () Suy @0 5N 0 hsese 7 0,20 sese )
X (kh)n,+ (k-1) 5 - 3 s () Sop (@ A sesen 2 (2N sese, )
-Dn, +
M () = B (y(k_l)nX+1 () yknx () ) = Y th(k—l)nx+2 (y " ()’ ) 14 AR O T B RO L AN L O O A O AN BN DR AN B AN ORY
k k 1o )Tk : 15: 21 e 0l (), (0 MY ) ML, 2™ (), 20 27 (D5 (). 25 (0258 500,
.k T 16: 85 V) o Sa () A s 8, MY () MISE 0 207 (), 2050 ) 857 () 870 ), )
n
VX hknx (y " (), ) 17: 850D = Say (9l (0,90 5.8, MEEH (), MRS ), 207 (), 24, L ) 640D, )
18: end for

19 returnz)“O( ), 27 ) sy (). sy

* The points (y/(p), p) € X X P are the points at which the
gradients of V, h;(+,-) are evaluated.

* Y} is a matrix which preconditions the system satisfying
assumption 3 (M,, enclosures no singular matrix) 14



Block relaxation algorithm

. OV JEE gC¥  gEC gV gEE GOV gEC
1 proccdumBln(,KRnnxth;‘X,P,z* 1S, Sz g B 057, 57, y‘r)

) Oev e ghev Do 1 U
1. 2 g s s xE 0.0

4(a). Compute relaxation of ¥, (a valid relaxation of Z{{+1) and »_or - 0tr - 1do

. . 4 AeAc|0l]pepeP
the respective subgradients thereof. -
5 €,C sc,5c « AFE(.. ) = Subroutine defined in [23]
2 . & z“'”tp)n c+S'(p-p). Vpe P » Affine relaxation lower bound
13 zi"tp: —C+ sc'(p —p)l VpeP » Affine relaxation upper bound

Let byp: X X X X X X P - R™ such that b, = Y, 0;_, with0 € {{,{}, s € e I
{1,2}, and 2 < k < K. Define the function Y ,: X X M X X X X X P — it

~ BAm ~ ~ ~ M) gz (282 ) = B matrix defined in [23] w.rt. hy and J;
R™ such that V(¥, M, Z,,,Zs,_1,Z;,_»,P) EX XM X X X X X P, we have
k k 1 k 2 M 138, 2
tpk()7, M, Z,,Z;_1,Z—>, p) = Z,,Where the it" component of Zj, is given 3. 270 o Sop @A s (hon
by the |00p: il ") ) EA
ia: 2P Oy () ), MIEP (), WIS, 2V, 290, 260 ()25 (), 287 (1255 (), )
15 2L Oy () ) M (), M0, 2 (), 25, 267 (26 ()28 ()20 (), )
for | = 1, ey n do 4' 16: SV () o Sy (1), ) 0, MY (), IS ), 2057 ), 255 ), 7 (), 84740, )

17 856D e Sy (1 (0 (), S 8 MEEY (o), MECE ), 2hE7 () 2096 ), 67 (1), 69, 1)

~ b (7,2,.(P).Z,_,(P),P) +Zj<i m; (Z:,j —7i )+Zj>i m; (zk,j _77,') e endlr

19 returnz)“O( ), 27 ) sy (). sy

15



Block relaxation algorithm

. - C¥ Jr GOV gec gEV  gee eov  gec
1: procedure BLOCKRELAX(hg, X, P, 20" | 207 80 sg®  20¥o 20% 0¥ 828 r)

) Ocv Oce Oev Dee b ol
1. 2 g s s xE 0.0

4(a). Compute relaxation of ¥, (a valid relaxation of Z{{H) and »_or - 0tr - 1do

h . b d h f & AeAcfollpepep
p g ‘ 5 €.C5e.5¢ o ALE(.. ) » Subroutine defined in [23]
2 . & 2 (p) —crsc'p-p)h VR EP » Affine relaxation lower bound
13 z‘*“tp)c—c+sc'(pfpj. YpeP » Affine relaxation upper bound
0.4 - . ;
Let b € B () e A2 (- A
{1 2} 9: s Ase + (1 A)sc
, L
,nx c . * 5 10 M) gz (282 ) = B matrix defined in [23] w.rt. hy and J,
1 Mie() o ogiz" (2" (), 2002700 )
~ o5} 3.
lpk y 12 sp () Suy @302, s se 2 00 2 0 se s )
by th f 13 Si()  Sop@ " 12N hsesen 2 (0.2 sese )
.
f . X 14 2 ) g () ) M), M), 2 290 ) e (el (), 7Y () (), )
o * s |miplicit Function: z;(p) . " ! . ! Lo
N opel - == Composite Bounds 15 2 ) e 0y (D MY (), MREE ), 2 (), 20050, 267 (026 (). 25 (D25 (0, )
. 4
for T 85 () = Say () A )8 8 MY () MISEC ) 207 (), 2070 ), 87T (D))
17 856D e Sy (1 (0 (), S 8 MEEY (o), MECE ), 2hE7 () 2096 ), 67 (1), 69, 1)
I I l Z . — . 8 endfor
gl ( k 7/ )
~ _I:IT L I J ,J J fEE, f66 = F,GC
Z 19: returnz, (), 2,0 ). sy (). sy )
end -
0.8 1 1 1 1
B 7 8 9



Block relaxation algorithm

4(b). Compute composite relaxation of ¥, (a valid relaxation of z{\;ﬂ)
and the respective subgradients thereof.

Let uy,04 be composite relaxations of ¢ on X X P. The
functions ug, 04: R™ x R™ x P - R™ will be defined as:
u,(z”,z%,p)= max{zcv,u¢(z°v,z°°,p)}
0,(z",2%,p)=min{z*,0,(z",2%,p)}
V(z,z¢, p) € R™ x R™ X P

Relaxation at next step is composite
relaxation of GS result and prior relaxation.

. C¥ Jr GOV gec gEV  gee eov  gec
1: procedure BLOCKRELAX(hg, X, P, 20" | 207 80 sg®  20¥o 20% 0¥ 828 r)

2z SR s o xt Y, 0,0

3 forj « Otor - 1do

4 AeAc|0l]pepeP

5 €,C sc,5c « AFE(.. ) = Subroutine defined in [23]
& z“'”tp)n c+S'(p-p). Vpe P » Affine relaxation lower bound
13 ri"tpj —Ct+sc(p-p). ¥pePr » Affine relaxation upper bound
8 ) e Az ) (1= )

s4 — Asc + (1 - Alsg

M) gz (282 ) » B matrix defined in [23] w.rt. hy and J;
M (02 [OF Al

S ) Sy, ) ( ( (). 5¢. S¢

M a2 () ) )2,

V) g () ) M) M), V() ) g (yzee (), 267 ()25 (), )

27 0y (D MY (), MRS, 2 () 20050 (), 267 (D268 ), 25 (D26 (0, -)

571 ) = Sy (9 (0 A D8 s MIEV ), MR () 20 (), 2050 ), 8577 (), 5555, )
end for

returnz, “°( ), 2,9 ). sy (). sy ()

12. Stuber MD, Scott JK, Barton Pl. Convex and concave relaxations of implicit functions. Optimization Methods and Software2015;30(3):424-460.




Block relaxation algorithm

. OV JEE gC¥  gEC gV gEE GOV gEC
1 proccdumBln(,KRnnxth;‘X,P,z* 1S, Sz g B 057, 57, y‘r)

) Oev e ghev Do 1 U
1. 2 g s s xE 0.0

4(b). Compute composite relaxation of ¥, (a valid relaxation of z{cﬂ) s _tors otor-100

d h . b d_ h f % AeAefollpepeP
p g ‘ 5 €,C se.5¢ o ATE(..) » Subroutine defined in [23]
2 . & 2 (p) —crsc'p-p)h VR EP » Affine relaxation lower bound
13 z‘*"tpjc—c+sc'(pfpj. YpeP » Affine relaxation upper bound
. T R ——
8 ) e Az ) (1= )
9: s4 — Asc + (1 - Alsg
10 M) gz (282 ) = B matrix defined in [23] w.rt. hy and J,
New bounds dominate old bounds B W) o ogE AL EACD
-|:|5 | 3 k (] k k
.
12 sp () Suy @302, s se 2 00 2 0 se s )
13 Si()  Sop@ " 12N hsesen 2 (0.2 sese )
m— |riplicit Function: z1(p) 14: M) Oy (A () M), MBS ), 2 ) 2R, 26 (D258 (), 267 ()25 () )
— )
M oasl Composite Bounds 15: 2190 0y () ) MY ), NS, 207 (0,250, 287 | (0258 (D57 ()28 5D, )
m— |nterval Bounds 4
kT 85 ) Su, (00 A C )8 8, MY M0 ), 2050 00, 2500 ) 8 () 8P4, )
17: 571 ) = Sy (9 (0 A D8 s MIEV ), MR () 20 (), 2050 ), 8577 (), 5555, )
18: end for
0.7 F 19 returnz{ (), z[C sy () sp )
— — — — — — — —  E— O — —  — —
L L L I
B 7 8 9

p 18



Block relaxation algorithm

. OV JEE gC¥  gEC gV gEE GOV gEC
1 proccdumBln(,KRnnxth;‘X,P,z* 1S, Sz g B 057, 57, y‘r)

) Oev e ghev Do 1 U
1. 2 g s s xE 0.0

2. Compute affine function between current ——
relaxations and respective subgradients beisBaierper

€, C 5c,5c +— AFE(.. ) = Subroutine defined in [23]
P> 2 R & z"ﬁrp)e c+ST(p-p). Vpe P » Affine relaxation lower bound
T z:"(p] —C+sc'(p-p) ¥peP = Affine relaxation upper bound
0.4 F . 8 V() e A2 )+ (1 - A2
C
O 5 s Asc + (1 - A)sg
-— )
o - ) M) uglzl (202 ) = Bmatrix defined in [23] wrt. hy and J,
— # . | .
L M 3 "
o - - - Q MIE() o og(z, (0.2 ) 27,2700
05 o — — . - ] ]
p— " — - - ’ - sp () Suy (@302, s se 2 00 20 se s, )
— .
— . = * , . i
— A 0.5 - ® . ] 5 S ) e Sop(z ()2t sese 2 0 2 sese, )
1 - Implicit Function: z:(p)
. g
" - ,..-i"" _,,.u""‘ Composite Bounds Z " 710D O ) ) M) MBS 2 ), ) 2 0 ), 2 (025 () )
— — u
. Interval Bounds , i
™ 0.6 - - - — - 15 VLY 0 (), ) M (), NS L, 2 () 25, 267 (26 (028 ()20 (), )
y(p) - . - . m— New Affine Bounds — 4
#_. » — i) ‘e 55 ) o Sy (0D A )88 M () ML), 20 2 S ) 85 )
- . 1-1=0.5 L
. - 17: sy ) e Sy (o (0 VG sy s IS GO MPSE L), 2 (0, 2 ) 8 () 857D, )
" il"'.'I .
- . "'f 18 endfor
f 19 returnz)“O( ), 27 ) sy (). sy
-~
- ’
.
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Block relaxation algorithm

. OV JEE gC¥  gEC gV gEE GOV gEC
1 proccdumBln(,KRnnxth;‘X,P,z* 1S, Sz g B 057, 57, y‘r)

) Oev e ghev Do 1 U
1. 2 g s s xE 0.0

4(b). Compute composite relaxation of Z{CH and B —

h . b d h f % AcAcl0pepeP
p g ‘ 5 €,C se.5¢ o ATE(..) » Subroutine defined in [23]
= 2_ & 27(p) - cosc'(p-p) Vo e P » Affine relaxation lower bound
13 zi"tp: c—C+sc'(ppr. YpeP » Affine relaxation upper bound
0.4+ . ) )
C. 8 ) e Az ) (1= )
(@) 9: s4 — Asc + (1 - Alsg
o —
. * -'(-t; 10 M) gz (282 ) = B matrix defined in [23] w.rt. hy and J,
—
Q 1 MIC() o og(z)® (.2 ) 2002700 )
05| 3
..-l-"'#‘ :l: ‘ 12 JEV(LY e Sy (20,20 Lo, 2 )
. s = Sy, (2, F 4 , Se. 5 o)z ). 8¢, 8¢, ')
f ) M k € * (]
' x A
G.) 13 S () = Sogl2" (0,27 ) 5c.5¢ 22 s s )
v
- ,
. - Pz 14 2 0y () A ) MIEY (), MIRE ) 20 (), D7), 26 ()25 (), 287 ()25 (), )
_ P m— |miplicit Function: z1ip)
M oos | - — Composite Bounds B 0 e oA MM () BT (5 (DB 5000, )
. — 4
- L P s,;u..:-(.}‘ .\‘u,(-ﬁr-)‘—ﬁ{‘).i',.i",,.w"'(‘J-M"""(-}‘z;""(-)‘f"’"’(.)‘sﬂ.""(-)‘s‘,"“:-].-]
17: 571 ) = Sy (9 (0 A D8 s MIEV ), MR () 20 (), 2050 ), 8577 (), 5555, )
18: end for
0.7 F
19 returnz)“O( ), 27 ) sy (). sy
-
08 1 1 1 1
& 7 8 9



Relaxation Algorithm

1. Compute relaxation of initial conditions

using standard McCormick arithmetic. 1: procedure IVPBOUND(X, P.h, xo, 1)
2: zg",z5°, sgg, sgg < McCormickRelax(X, P, xg(-)) » Standard McCormick relaxation of xg on P

2. Performance a relaxation in a block
sequential fashion to compute
relaxations and subgradients at next time 4  fori—2toKdo
step and repeat.

3 Z{(-),Z§°(-), 55/ (), 555(-) —BlockRelax(hy, X, P, z5", z5¢, s, 53¢, xt,xY,0,0,r)

, cvy, cei.y <C¥(. cecy. CV¥ oCC &CV cc CV  oCC CV cc
5: z8(),zZ8°( ), 55 (- ). s ) «BlockRelax(h;, X, P, 15—1'21—1*52;_1'52;_1-z,'—z-z;‘—z-SZ,-_z-SZ,_g'")

6: end for

3. Use relaxations and subgradients
available at discrete time points to 7 returnz®(-),z°(), s (-), s5°()
construct relaxations of the objective and
constraints. Interpolating if necessary.

8: end procedure




Exhibits Partition Convergence

. 175 |- £\

Partition Convergence?3: —— Cbjectee urciony =)

— -+« Felaxations of fip) on P010]

150 = | = + = Relaxations of fjp) on P{2,8]

— =— PRelaxations of fip) on P{4,8]
Consider a nested sequence of intervals {Pq}, P,cP,qE 25 |- "
N, such that {Pq} - [p,p] forsome p € P. Let zZ”, z;€ be \
relaxations of z on P, obtained using the prior algorithm. " ‘
Let dg”(+) = ugp(zx” (+), zx"(+),’) be a convex relaxation om L
of the objective function ¢ on F,. Let ¢p¢" = minpepqcpg”, O .
then limg_.., 3§” = ¢¢”(2(P), P) a

h :‘_"f-- -7
25 3.0 T;i 10.0
p

13. Stuber MD, Scott JK, Barton PI. Convex and concave relaxations of implicit functions. Optimization Methods and Software 2015; 30(3):424-460. 27



Proof of Partition Convergence

e K = 1caseis trivially true... Proceed by contradiction.
 Suppose that for K > 1, limq_m i' * ¢g" (z(p), p).

* ugy continuous and exhibits partition convergence as it is constructed using a generalized
McCormick relaxation framework!4. Then

— Either lim_,, z,i”q # 2y q(P) Or limg_,, z,‘é"q # 21 q(p) which implies
— Either limg_,o 2”1 g # Zg—1,(P) OF limg_,0 2”4 ; # Zk_1,4(P) Which implies
— Either limg_, 2”7, ; # Zk—2,4(P) OF limg_,0 Zk” o # Zk—3,4(P) Which implies [~

J004d 3AIIDNPU|

— Either limg_, o 27 # 21 4(p) Or limy_, o, 27, # 2, 4(P) Which is contradiction. _

14. Scott JK, Stuber MD, Barton PIl. Generalized McCormick relaxations. Journal of Global Optimization 2011; 51(4): 569-606. @)



Implementation

* Branch and bound algorithm as an extension to the
EAGO global optimizer available at
https://github.com/PSORLab/EAGODifferential.jl

* IntervalArithmetic.jl for validated interval
calculations.
* Relaxations from McCormick submodule of EAGO.jl.

* All simulations run on single thread of Intel Xeon
E3-1270 v5 3.60/4.00GHz processor with 16GM ECC https://qithub.com/PSORLab/EAGO.jl
RAM, Ubuntu 18.04LTS using Julia v1.1.0%>. Intel
MKL 2019 (Update 2) for BLAS/LAPACK.

15. Jeff Bezanson, Alan Edelman, Stefan Karpinski and Viral B. Shah Julia: A Fresh Approach to Numerical Computing. (2017) SIAM Review, 59: 65-98. 24 @)


https://github.com/PSORLab/EAGODifferential.jl
https://github.com/PSORLab/EAGO.jl

A 1D Example

2nd Order AM 2nd Order BDF

e Consider the 1D pODE-IVP:

%(p' t) = _xZ + p

x(p, t)
Relaxation

x,(p) =9

t € [0,1], x € X =[0.1,9]

p€P=[-11]

 The BDF method enclosure depends
heavily on the chosen step size whereas
the AM method bounds do not.

x(p, t)

Interval + Relaxation

* In either case, applying 5 iterations of a
corresponding parametric interval
method further tightens the relaxations.




Kinetic Problem

Problem Statement Objective Variables

* Fit the rate constants (k,, ks, k,) of oxygen l 2
addition to cyclohexadienyl radicals to data. ¢ = glelg Z(I ldata)

» First addressed by global by Singer et al.'’

* Explicit Euler form solved by by Mitsos'® s.t. 1P=x4+ leB to7x xh

* Implicit Euler form addressed in Stuber?®?
Decision Variables

pODE IVP: P = (sz, k3f’ k4)
X4 = kixzxy — coa(kop + kap)xa + (kop/Ko)xp + (k3p/K3)xp — ksx3,

State Variables
tp = kapcoaXa = (kap/Ks + ka)xs,  xp = karcozxa — (kap/K2)xp, x = (x4, X, Xp, Xy, Xz)
Xy = —kisxyxz, Xz = —kixyxz, Constants

x(t =0) = (0,0,0,0.4,140) ki, kis, ks, K2, K3, Coz, At, 10

16. ). W. Taylor, et al. Direct measurement of the fast, reversible addition of oxygen to cyclohexadienyl radicals in nonpolar solvents, Phys. Chem. A, 108 (2004), pp. 7193-7203.
17. A. B. Singer et al., Global dynamic optimization for parameter estimation in chemical kinetics A. B. Singer et al., J. Phys. Chem. A, 110 (2006), pp. 971-976

18. Mitsos et al. McCormick-based relaxations of algorithms. SIAM Journal on Optimization, SIAM (2009) 20, 73-601

19. Stuber, M.D. et al. Convex and concave relaxations of implicit functions. Optimization Methods and Software (2015), 30, 424-460



Implementation

Problem Statement
* Fit the rate

addition ,
* First adc Affine relaxations used to compute lower bound (CPLEX 12.8). tata)
e Explicit 2.
* Implicit Upper-bound computed by integrating ODE at midpoint of active node then B +lel>

evaluating objective & constraints.
pODE IVP:

X4 = kix; Duality-based bound tightening was performed. Two iterations of each PILMS
.k with was used after five iterations of a block sequential parametric interval
XB = 3£€ method. ,Xyz)
Absolute and relative convergence tolerances for the B&B algorithm of 10™2 and
107>, respectively.

16.J. W. Taylor, et al. D

17. A. B. Singer et al., GloE -976
18. Mitsos et al. McCormick-based relaxations of algorithms. SIAM Journal on Optimization, SIAM (2009) 20, 73-601
19. Stuber, M.D. et al. Convex and concave relaxations of implicit functions. Optimization Methods and Software (2015), 30, 424-460 27



Kinetic Problem

KInEtIC prObIem was SOIVed SUbJeCt tO three -@- Implicit-Euler, K= 100 = Two-Step AM, K= 100 - Two-Step BDF, K= 100
discretization schemes for K = 100 and K = 200 —@— Implicit-Euler, K= 200 = Two-Step AM, K= 200 == Two-Step BDF, K= 200
1.0 1
Solution Method K Iterations  Average time per iteration  Solution time  SSE at Solution
0.8 1
Implicit Euler 100 33987 45x1073s 29.7min 26947.246 (o)
o
-
200 23,525 59%1073s 23.4min 16796.038 ~ 0.6 A
()
()]
2-Step AM 100 62024 12x1072s >2h N/A® -
0.4
200 6068 22x1072s 22.6min 13077.998
0.2
2-Step BDF 100 88408 81x1073s >2h N/A®
AL | T LA | T LA | T LA | T LA | T LA L L |
200 27600 26x1072%s >2h N/A* 10 1 100 101 102 103 104
i 4 .
Explicit Euler 100 >300,000 23x107%s >2h N/A Tlme (SECOHdS)
200 >300,000 24x10™%s >2h N/A

28



A plug-flow reactor problem

Optimization Problem

4= min,p
st. X (t=t,,p)-0.08<0

Method of Lines Discretization

AX

dx
—(p,t) =———Da(p)X
5 (PO Ay (p)

Da(p)=0.1+0.3p

Problem Setup

* Start-up of a single species PFR

* Inlet concentrationis 1

* Initial concentration is O

* Number of timesteps of variable size = 30

* Number of spatial discretization points = 20

e The PFR is sparged and we can module the rate
of reaction by changing airflow (p)

One-Species PFR: Fourth-Order Explicit Runge-Kutta
1

0.6

w = o

Dimensionless Concentration of NH4

0.1

LBD/UBD

1.0

0.2

L L
0.3 04 0.5 0.6

0.7
Dimensionless Length of PFR

-

=——0.00
= 0.10
0.20
—0.30
0.40
0.50
= 0.60

= 0.70

s

— ().80
0.90
1.00
Dimensionless

Time

Dimensionless Concentration of NH4

One-Species PFR: Implicit Euler

0.8 0.9 1 0 0.1

0.2

0.3 0.4 0.5 0.6

0.7
Dimensionless Length of PFR

0.8 0.9

0.9 -
0.8 A
0.7 A
0.6 A
0.5 A

0.4 1

0.3

50 100

150 200
Time (seconds)

250

300 350

400
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Future Directions

 Extension to provide enclosure of
truncation error.
— Interval forms have been addressed. B Exact Frie aﬁ

. ; . . B Crank-Nicolson
— Generalization to relaxations and use in
global optimization outstanding.

« Constructing bounds of PDE
constrained systems via relaxation
of Crank-Nicolson methods.

Courtesy of wikimedia commons

(https://commons.wikimedia.org/wiki/File:HeatEquationCNApproximate.svg) @)
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