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Parametric Partial Differential Equations

Provide rigorous bounds for parametric PDE system (IBVP)

Ox(y.t,p) = £y, t.x(y, 1, p). Oy %X(y, t,p), yyX(y, 1, p), P) (1)
x(y,to.p) = Xo0(y.p)

(t.p)

f‘z(_i(m-f-p).ﬁ)yi(_m-tp)-p) = Xy
£, (%(y. 1. p). OyX(yr, . D). P) = X,.(£. D).

* Assumptions:

Lf:YXIxDxR' xR xP >R, %:YxP—D,fi:DxR%xP R, x:]xP— R,
f, : DxR"™ x P— R" and x,. : [ x P — R"™ are locally Lipschitz continuous.

2. A solution of (1) is denoted x :Y X I x P — D, and is twice continuously differentiable for all y € Y.

3. For each y € Y. there exists a unique solution over the time domain I for every p € P.

* Reachable set: R(y.t) = {x(y.t,p):p € P}.

e State bounds: xF.xV :Y x [ — R"=




Interval Arithmetic and Affine Arithmetic

Interval Arithmetic (IA)

x € [xLxV]=X

IA

Affine Arithmetic (AA)

xo = (x+xY)/2,
xl - (xU_xL)/Z,
X = O, Vi>1

- F(X)Df(X) = {f(x)[x € X}

 Dependency problems

[4] J. Comba, J. Stolfi, “Affine arithmetic and its applications to computer graphics,” anais do vii sibgrapi, 9-18 (1993).
[5] J. Stolfi, L. H. de Figueiredo, “An introduction to affine arithmetic,” Trends in Applied and ComputationalMathematics, 4 (3) (2003) 297-312.
[6] L. H. De Figueiredo, J. Stolfi, “Affine arithmetic: concepts and applications,” Numerical Algorithms, 37 (1-4) (2004) 147—-158.
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* Keep track of the dependency;
* Reduce overestimation




Differential Inequalities

ODE IVPs

> PDE IBVPs

Flattening operators
on FD approximations

Flattening operators

Bf([xj’L,xj’U]) = {xj € [xj’L,xj’U] Lx, = LUZL} Bf([fcj’L,f(j’U]) ={%’ ¢ [)ch’L,f(LU] PEo= X, 7““}
B?([XM:XLU]) = {Xj S [Xj?L,Xj’U] c T = 3:7U B?([ﬁﬂ’ﬁjy]) = {fcj < [ﬁj7L7ﬁj7U] T, = Xo; T rxi}
je{f, b, e, c2} 1 j € {f.b,c,c2} 1

Interval refinement
(XNG)c I (X)c X,VX cIR™ operators
with X NG #J

Physical bounds G
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Bounding IBVPs

PDE IBVP SPEHE
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Deterministic Global Optimization
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Transient Plug Flow Reactor

ox or i _ _
— =—— —Dax., t€[0,1], y €]0,1]
ot dy
Da = kr € [0.1,0.4]
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Transient Plug Flow Reactor

dx dr ) min p
N, — o DC{I. t € [0 1] Y ~ [D 1] peP
ot Ay St Zxemit — A <0
p€P=101]
5 P Da =kt = (0.1 + 0.3p)T
~K exit : effluent concentration
» s | et
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— — —x” — Dax
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Ozone System: Coupled IBVPs

e e 0?%c
O+ 0y =5 O4 ot dy Yy
) de 0%¢
L dco, 0 Oy |
a —23 9(). U = Dy — + T
O + ()3 — _()2 ot 2 (-)U 2 U,UQ On
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?‘COS = k100¢?02 — kgCoCOS — ]ﬂ4(t)603.
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Ozone System: Coupled IBVPs
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Ozone System: Coupled IBVPs
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Transport Model in Tumor

* Fluid Transport Model y K €[2.75E-7,2.85E-7] L, €[1.65E-6,1.75E-6]
— Darcy'slaw y=-g %

. . dr )

— Continuity equation )
a

V-au=g¢,(r) >V2p=F(P_PSS)

b(N=L >(p,-p) 7
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Transport Model in Tumor

Concentration at 30 min post injection
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Transport Model in Tumor

Purpose: optimal therapy design under
uncertainty 0.8
2 06/
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