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Parametric Partial Differential Equations

• Provide rigorous bounds for parametric PDE system (IBVP)
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• Assumptions:

• State bounds: 

• Reachable set:                                                           



Interval Arithmetic and Affine Arithmetic

Interval Arithmetic (IA) Affine Arithmetic (AA)

•
• Dependency problems

• Keep track of the dependency;
• Reduce overestimation
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Physical bounds G

Differential Inequalities
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[7] Gary W Harrison. Dynamic models with uncertain parameters. In Proceedings of the first international conference on mathematical modeling, volume 1, pages 295–304. University of 
Missouri Rolla, 1977. 4

ODE IVPs

Flattening operators

Interval refinement 
operators

PDE IBVPs

Flattening operators 
on FD approximations

IA AA
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Bounding IBVPs
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PDE IBVP BoundsSpatial 
FDM

IA

IA/AA

Discrete-time 
integration

Set-valued 
Arithmetic

System of ODE-IVPs

Continuous-time 
integration

DI

System of auxiliary ODE-IVPs
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Deterministic Global Optimization
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Deterministic Global Optimization Algorithm

Upper-Bounding
Problem

IPOPT
Local Solution

Lower-Bounding
Problem

PDE Solution 
Bounding 
Routine

Objective
Function Constraints

Spatial 
Branch-and-Bound

P1 P2

P4P3

P

(branch on P)

P= P l



Transient Plug Flow Reactor
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y∆

x x

Solutions
IA
IA/AA

Solutions
IA
IA/AA
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Transient Plug Flow Reactor
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y∆

x x
: effluent concentration

Method Time (s)

Explicit approach 38.7

Implicit approach 382

[1] C. Wang and  M. D. Stuber, Under Review, 2020
[8] M. E. Wilhelm and M. D. Stuber. EAGO.jl: easy advanced global optimization in Julia. Optimization Methods and Software, pages 1–26, aug 2020
[9] M. E. Wilhelm, A. V. Le, and Matthew D. Stuber. Global optimization of stiff dynamical systems. AIChE Journal, 65(12), nov 2019



Ozone System: Coupled IBVPs
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Ozone System: Coupled IBVPs
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Ozone System: Coupled IBVPs
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Method Time (h)

IA 11

IA/AA 6.5
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Transport Model in Tumor
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• Fluid Transport Model
– Darcy’s law
– Continuity equation

• Solute Transport Model
2

2
2 2

1 ( 1 () ) s
C r uC CD r
t r r r r r

φ∂ ∂ ∂ ∂
+ = +

∂ ∂ ∂ ∂
Convection Diffusion

• Pore Theory
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Mpekris,  C.  Polydorou,  et  al., “Dexamethasone  increases  cisplatin-loaded  nanocarrier  delivery  and 
efficacy in metastatic breast cancer by normalizing the tumor microenvironment,” ACS nano.
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Concentration at medium radius

Transport Model in Tumor
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Concentration at 30 min post injection



Transport Model in Tumor
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• Purpose: optimal therapy design under 
uncertainty
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Any questions?
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