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Background

• Wastewater/water treatment plant
• Develop physics-informed data-

driven model to simulate the 
system heterogeneity
– Conductivity
– pH
– Temperature

• Three sensors are deployed 
along  the reactor
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Conductivity Heterogeneity Profiling Model
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𝑑𝑑𝐶𝐶𝑖𝑖
𝑑𝑑𝑑𝑑 =

1
4𝑉𝑉 𝑘𝑘𝑖𝑖 𝐶𝐶0 + 𝐶𝐶4 − 𝐶𝐶𝑖𝑖 , 𝑖𝑖 = 1,2,3

𝑑𝑑𝐶𝐶4
𝑑𝑑𝑑𝑑 =

1
4𝑉𝑉 𝑘𝑘4 𝐶𝐶1 + 𝐶𝐶2 + 𝐶𝐶3 − 3𝐶𝐶4 .

Assumptions:
• Stirring power dominates the mass transfer
• Diffusion between adjacent zones are neglected

[1] Wang, C.; Wang, T.; Xu, Z.; Cui, C.; Wang, X.; Demitrack, Z.; Dai, Z.; Bagtzoglou, A .; Stuber, M. D.; Li, B., under review, 2020



Global Optimization
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min
𝒑𝒑∈Π⊂ℝ𝑛𝑛𝑝𝑝

𝜙𝜙(𝐱𝐱(𝐩𝐩, 𝑡𝑡1), … , 𝐱𝐱(𝐩𝐩, 𝑡𝑡𝑁𝑁𝑡𝑡))

s.t. �𝐱̇𝐱(𝐩𝐩, 𝑡𝑡) = 𝐟𝐟(𝐱𝐱(𝐩𝐩, 𝑡𝑡),𝐩𝐩, 𝑡𝑡),∀𝑡𝑡 ∈ 𝐼𝐼 = [𝑡𝑡0, 𝑡𝑡𝑓𝑓
𝐱𝐱(𝐩𝐩, 𝑡𝑡0) = 𝐱𝐱0(𝐩𝐩).

𝐩𝐩 = (𝑘𝑘1, 𝑘𝑘2,𝑘𝑘3,𝑘𝑘4,𝐶𝐶𝑣𝑣)
𝐱𝐱 = 𝐶𝐶1,𝐶𝐶2,𝐶𝐶3,𝐶𝐶4

Objective function:

Optimization variable:

Generic state variable:

𝜙𝜙(𝐱𝐱(𝐩𝐩, 𝑡𝑡1), … , 𝐱𝐱(𝐩𝐩, 𝑡𝑡𝑁𝑁𝑡𝑡))

[1] Wang, C.; Wang, T.; Xu, Z.; Cui, C.; Wang, X.; Demitrack, Z.; Dai, Z.; Bagtzoglou, A .; Stuber, M. D.; Li, B., under review, 2020
[3] Misener, R.; Floudas, C. A., ANTIGONE: algorithms for continuous/integer global optimization of nonlinear equations. Journal of Global Optimization 2014, 59, 503-526.



pH Heterogeneity Profiling Model

4[1] Wang, C.; Wang, T.; Xu, Z.; Cui, C.; Wang, X.; Demitrack, Z.; Dai, Z.; Bagtzoglou, A .; Stuber, M. D.; Li, B., under review, 2020



Temperature Heterogeneity Profiling Model
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[1] Wang, C.; Wang, T.; Xu, Z.; Cui, C.; Wang, X.; Demitrack, Z.; Dai, Z.; Bagtzoglou, A .; Stuber, M. D.; Li, B., under review, 2020
[4] M. E. Wilhelm and M. D. Stuber. EAGO.jl: easy advanced global optimization in Julia. Optimization Methods and Software, pages 1–26, aug 2020  



Optimal Control of Continuous Flow Nitrification Reactor

• Continuous flow nitrification reactor
• Inlet and outlet streams

– High zone
– Middle zone
– Low zone

• Air diffuser
• Conductivity sensors
• Impeller
• Controller

– PI Control
– MPC
– EMPC

6

PI Controller

MEA

MEA

MEA

MPC/EMPC1/EMPC2

[1] Wang, C.; Wang, T.; Xu, Z.; Cui, C.; Wang, X.; Demitrack, Z.; Dai, Z.; Bagtzoglou, A .; Stuber, M. D.; Li, B., under review, 2020



Modified Conductivity Model
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PI Controller

MEA

MEA

MEA

MPC/EMPC1/EMPC2

𝑑𝑑𝐶𝐶𝑖𝑖
𝑑𝑑𝑑𝑑

=
1

4𝑉𝑉
(𝑘𝑘𝑖𝑖(𝐶𝐶4 − 𝐶𝐶𝑖𝑖) + 𝑚̇𝑚𝑖𝑖𝑖𝑖,𝑖𝑖𝐶𝐶𝑖𝑖𝑖𝑖,𝑖𝑖 − 𝑚̇𝑚𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝐶𝐶𝑖𝑖) + 𝑅𝑅NH4

+ ,

𝑖𝑖 = 1,2,3

𝑑𝑑𝐶𝐶4
𝑑𝑑𝑑𝑑 =

1
4𝑉𝑉 𝑘𝑘4(𝐶𝐶1 + 𝐶𝐶2 + 𝐶𝐶3 − 3𝐶𝐶4) + 𝑅𝑅NH4

+ ,

𝑑𝑑𝑐𝑐𝑂𝑂
𝑑𝑑𝑑𝑑 = 𝑟𝑟𝑂𝑂 + 𝑘𝑘𝑙𝑙𝑙𝑙 ⋅ 𝑐𝑐𝑂𝑂∗ − 𝑐𝑐𝑂𝑂 ,

[1] Wang, C.; Wang, T.; Xu, Z.; Cui, C.; Wang, X.; Demitrack, Z.; Dai, Z.; Bagtzoglou, A .; Stuber, M. D.; Li, B., under review, 2020



Kinetics and Aeration
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2NH4++3O2 → 2NO2
−+4H++2H2O

2NO2
−+O2 → 2NO3

−

• Nitrification Process • Oxygen balance

𝑟𝑟NH4
+ = −𝑟𝑟AOB𝑋𝑋AOB,

𝑟𝑟AOB = 𝑟𝑟AOB,max
𝑐𝑐NH4

+

𝐾𝐾SAOB + 𝑐𝑐NH4
+ +

𝑐𝑐NH4
+

2

𝐾𝐾IAOB

𝑐𝑐𝑂𝑂
𝐾𝐾OAOB + 𝑐𝑐𝑂𝑂

Ammonium consumption rate:

𝑑𝑑𝑐𝑐𝑂𝑂
𝑑𝑑𝑑𝑑

= 𝑟𝑟𝑂𝑂 + 𝑘𝑘𝑙𝑙𝑙𝑙 ⋅ 𝑐𝑐𝑂𝑂∗ − 𝑐𝑐𝑂𝑂

𝑟𝑟𝑂𝑂 = −𝑟𝑟AOB𝜓𝜓AOB𝑋𝑋AOB

Aeration: 

0.2967𝑄𝑄 ⋅ SOTE
𝑉𝑉 1 −

𝑐𝑐𝑂𝑂
𝑐𝑐𝑂𝑂∗

Air flow rate: 𝑄𝑄

[5] Sánchez, O., Aspé, E., Martí, M.C. and Roeckel, M. (2004) The Effect of Sodium Chloride on the Two–Step Kinetics of the Nitrifying Process. Water environment research 76(1), 73-80.
[6] Judd, S. (2010) The MBR book: principles and applications of membrane bioreactors for water and wastewater treatment, Elsevier.



PI Controller

MEA

MEA

MEA

Proportional-Integral Control
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𝑢𝑢 𝑡𝑡 = 𝐾𝐾𝑝𝑝𝑒𝑒 𝑡𝑡 − 𝐾𝐾𝑖𝑖 �
0

𝑡𝑡
𝑒𝑒 𝑡𝑡′ 𝑑𝑑𝑡𝑡′

𝑢𝑢 𝑡𝑡 = 𝑄𝑄

)𝑒𝑒(𝑡𝑡) = SP − 𝐶𝐶1(𝑡𝑡

• Control variable

• Error

• Tuning coefficients

𝐾𝐾𝑝𝑝, 𝐾𝐾𝑖𝑖



MEA

MEA

MEA

MPC/EMPC1/EMPC2

Model Predictive Control
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min
𝑢𝑢𝑘𝑘,…,𝑢𝑢𝑘𝑘+𝑀𝑀−1

�
𝑖𝑖=1

3

�
𝑗𝑗=1

𝑃𝑃

(SP − 𝐶̂𝐶𝑖𝑖,𝑘𝑘+𝑗𝑗)2

• Primary advantage: multiple-input systems

𝑢𝑢 : control variable

SP : setpoint

𝐶̂𝐶𝑖𝑖 : model predicted output (DMC)

𝑃𝑃 : prediction horizon

𝑀𝑀 : control horizon



MEA

MEA

MEA

MPC/EMPC1/EMPC2

Economic Model Predictive Control
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• EMPC1  - environment

min
𝑢𝑢𝑘𝑘,…,𝑢𝑢𝑘𝑘+𝑀𝑀−1

�
𝑖𝑖=3

3

�
𝑗𝑗=1

𝑃𝑃

𝐷𝐷𝑖𝑖,𝑘𝑘+𝑗𝑗2 + 𝑤𝑤 �
𝑖𝑖=0

𝑀𝑀−1

𝑢𝑢𝑘𝑘+𝑖𝑖 + 𝑃𝑃 −𝑀𝑀 + 1 𝑢𝑢𝑘𝑘+𝑀𝑀−1

𝐷𝐷𝑖𝑖,𝑘𝑘+𝑗𝑗 = �
𝐶̂𝐶𝑖𝑖,𝑘𝑘+𝑗𝑗 − SP if (𝐶̂𝐶𝑖𝑖,𝑘𝑘+𝑗𝑗 − 𝑟𝑟) > 0

0 if (𝐶̂𝐶𝑖𝑖,𝑘𝑘+𝑗𝑗 − 𝑟𝑟) ≤ 0.

Penalty function

[1] Wang, C.; Wang, T.; Xu, Z.; Cui, C.; Wang, X.; Demitrack, Z.; Dai, Z.; Bagtzoglou, A .; Stuber, M. D.; Li, B., under review, 2020



MEA

MEA

MEA

MPC/EMPC1/EMPC2

Economic Model Predictive Control
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• EMPC2  - energy

min
𝑢𝑢𝑘𝑘,…,𝑢𝑢𝑘𝑘+𝑀𝑀−1

𝛿𝛿 �
𝑖𝑖=0

𝑀𝑀−1
𝑢𝑢𝑘𝑘+𝑖𝑖 + (𝑃𝑃 −𝑀𝑀 + 1)𝑢𝑢𝑘𝑘+𝑀𝑀−1

s.t. 𝐶̂𝐶𝑖𝑖,𝑘𝑘+𝑗𝑗 − SP ≤ 0

∀𝑖𝑖 = 1,2,3, 𝑗𝑗 = 1, … ,𝑀𝑀,𝑃𝑃

[1] Wang, C.; Wang, T.; Xu, Z.; Cui, C.; Wang, X.; Demitrack, Z.; Dai, Z.; Bagtzoglou, A .; Stuber, M. D.; Li, B., under review, 2020



Results

PINo Control MPC
High Zone

Middle Zone
Low Zone

(a)

(b)

PINo Control MPC
High Zone

Middle Zone
Low Zone

(c)

(d) (f)

PINo Control MPC
High Zone

Middle Zone
Low Zone

(e)

(i) 𝐶𝐶𝑖𝑖𝑖𝑖,1 = 320 μS/cm (ii) 𝐶𝐶𝑖𝑖𝑖𝑖,2 = 320 μS/cm (iii) 𝐶𝐶𝑖𝑖𝑖𝑖,3 = 320 μS/cm

PINo Control MPC
High Zone

Middle Zone
Low Zone
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(iv) Multiple shocks

[1] Wang, C.; Wang, T.; Xu, Z.; Cui, C.; Wang, X.; Demitrack, Z.; Dai, Z.; Bagtzoglou, A .; Stuber, M. D.; Li, B., under review, 2020



Discharge & Energy
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(b)(a)

Open-loop control

Uncontrolled PI control

MPC

EMPC

EMPC2

[1] Wang, C.; Wang, T.; Xu, Z.; Cui, C.; Wang, X.; Demitrack, Z.; Dai, Z.; Bagtzoglou, A .; Stuber, M. D.; Li, B., under review, 2020
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Any questions?
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