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Background: EAGO/Julia
How do you get EAGO?

From Julia package manager:

From GitHub:
https://www.github.com/PSORLab/EAGO.jl
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Background: EAGO/Julia
How do you get EAGO?

From Julia package manager:

From GitHub:
https://www.github.com/PSORLab/EAGO.jl

How do you use EAGO?
As a solver in the open-source algebraic modeling language JuMP.
As a stand-alone solver.
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https://www.github.com/PSORLab/EAGO.jl


Background: Advanced 
Formulations
• May be parametric and/or have multilevel structure
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Background: Advanced 
Formulations
• May involve differential equations (ODEs, PDEs, DAEs)
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Background: Advanced 
Formulations
• May involve “white box” simulations
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Background: Advanced 
Formulations
• May be parametric and/or multilevel structure
• May involve differential equations (ODEs, PDEs)
• May involve “white box” simulations

EURO 2022 - July 5, 2022 9

.

min

s.t
var

objective

advanced

algorithms



Background: Deterministic Global 
Optimization
• Deterministic search: branch-and-bound
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EAGO: Core
• Customizable and feature-rich branch-and-bound

– McCormick-based convex/concave relaxations
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EAGO: McCormick Relaxations
• Most broadly known for convex/concave relaxations of bilinear terms
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EAGO: McCormick Relaxations
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𝐲𝐲 = 𝐟𝐟(𝐠𝐠 𝐱𝐱 , … ,𝐡𝐡 𝐱𝐱 )

*Under Review

Relaxations of g(x) at x in X

Apply f composite relaxation rules
Relaxations of h(x) at x in X

Relaxations of  
f(x) at x in X

…

 Improved (tighter) relaxations of composite bilinear terms*
 Supports a variety of nonlinear expressions:

• Common algebraic expressions: log, log2, log10, exp, exp2, exp10, sqrt, +, -, ^, min, max, /, x, abs, step, cbrt, …
• Trigonometric Functions: sin, cos, tan, asin, acos, atan, sec, csc, cot, asec, acsc, acot…
• Hyperbolic Functions: sinh, cosh, tanh, asinh, acosh, atanh, sech, csch, coth, acsch, acoth
• Special Functions: erf, erfc, erfinv, erfcinv
• Activation Functions*: relu, leaky_relu, sigmoid, softsign, softplus, maxtanh, gelu, elu, selu, silu, …
• Common Algebraic Expressions: xlogx, arh, xexpax



Published Results
• EAGO exhibits competitive performance on 

benchmarking set
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𝑟𝑟𝑝𝑝,𝑠𝑠 =
𝑡𝑡𝑝𝑝,𝑠𝑠

min 𝑡𝑡𝑝𝑝,𝑠𝑠 ∶ 𝑠𝑠 ∈ 𝑆𝑆



Recent Advances
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Recent Advances: ANNs
• Optimization of ANNs

EURO 2022 - July 5, 2022 16

min ( , ( ))

s.t. ( , ( ))
P





p

p x p

g p x p 0

p ( )x p

ˆ( , ) h x p 0



Recent Advances: ANNs
• Optimization of ANNs
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Recent Advances: ANNs
• Optimization of ANNs

EURO 2022 - July 5, 2022 18

min ( , ( ))

s.t. ( , ( ))
P





p

p x p

g p x p 0

p ( )x p



Recent Advances: ANNs
• Optimization of ANNs*
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Recent Advances: ANNs
• Optimization of ANNs*
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Recent Advances: ODEs/DAEs
Global optimization problems constrained by ODEs/DAEs:
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Recent Advances: ODEs/DAEs
Global optimization problems constrained by ODEs/DAEs:
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Recent Advances: ODEs/DAEs
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SourceCodeMcCormick.jl

Source code transformation to generate the auxiliary ODE system

Utilizes ModelingToolkit.jl’s ODE format, with numerical integration through the 
SciML ecosystem

i
i i

dx
x p

dt
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, ,
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L L U Ui i
i i i i

cv cc
cv cv cc cci i
i i i i
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Recent Advances: ODEs/DAEs
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SourceCodeMcCormick.jl

Source code transformation to generate the auxiliary ODE system

Utilizes ModelingToolkit.jl’s ODE format, with numerical integration through the 
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Recent Advances: ODEs/DAEs
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SourceCodeMcCormick.jl

Source code transformation to generate the auxiliary ODE system

Utilizes ModelingToolkit.jl’s ODE format, with numerical integration through the 
SciML ecosystem
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Recent Advances: ODEs/DAEs
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Lower-bounding problem solved 
using black-box sampling method 
published by Song et al.1

Lower bound constructed using 
pointwise evaluations

1. Song et al. Bounding convex relaxations of process models from below by tractable black-box sampling(2021)



Recent Advances: ODEs/DAEs
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Hardware solution: exploit GPGPU architecture for ODE parallelization 

Task 1 Task 2 Task 3

Core 1 Core 2 Core 3

Output

CPU Workflow (x86 cores) GPGPU Workflow (CUDA cores)

Task 1

Core 
1

Core 
2

Core 
n-1

Core 
n...

Output



Recent Advances: ODEs/DAEs
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Pick B&B Node
Use [pL, pU] to 

generate auxiliary 
ODEs

Evaluate auxiliary 
system to construct 

lower bound

Typical relax-then-discretize

Generate auxiliary 
ODEs with embedded 
[pL, pU] dependence

Pick B&B Node
Evaluate auxiliary 

system to construct 
lower bound

SourceCodeMcCormick.jl relax-then-discretize



Recent Advances: ODEs/DAEs
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GPU extension for
EAGODynamicOptimizer

+
SourceCodeMcCormick

+
ModelingToolkit/DiffEqGPU

Black-box Sampling 
Method1

1Song et al. paper



Recent Advances: ODEs/DAEs
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Evaluate solved 
lower problems 

in sequence

Simultaneous 
Lower Problems

Add trajectories 
to GPU stack

Full queue

Until finished



Conclusion
• EAGO is a feature-rich nonconvex solver and research platform written in 

Julia
– Use with JuMP AML or stand-alone

• Exhaustive library of relaxation envelopes
– New theory for composite bilinear relaxations
– ANNs

• Currently focusing on relaxations for global dynamic optimization
– Source code transformation
– Exploiting GPGPU
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Thank You – Any Questions?
• PSORLab@UCONN
• EURO 2022 Organizers
• Funding: National Science Foundation

https://www.psor.uconn.edu
https://www.github.com/PSORLab/EAGO.jl
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This material is based upon work supported 
by the National Science Foundation under 

Grant No. 1932723.  Any opinions, findings, 
and conclusions or recommendations 

expressed in this material are those of the 
authors and do not necessarily reflect the 
views of the National Science Foundation.

https://www.psor.uconn.edu/
https://www.github.com/PSORLab/EAGO.jl
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